Introduction. An n-dimensional convex polytope is simple if the number of codimension-one faces meeting at each vertex is n. In this paper we investigate certain group actions on manifolds, which have a simple convex polytope as orbit space. Let P" denote such a simple polytope. We have two situations in mind.
such problems, particularly that of R. Stanley, has led to the injection of some heavy-duty commutative algebra and algebraic geometry into the theory of convex polytopes. We focus on the following three aspects of this.
(A) The proof of the Upper Bound Theorem in [Bronsted] is free of machinery.
The first step in the argument is that one can choose a vector in [n which is generic in the sense that it is never tangent to a proper face of Pn. The choice of such a vector allows one to attach an integer-valued index to each vertex (called the "in-valence") so that the number of vertices of index is h.
(B) The Upper Bound Theorem was reproved and generalized in [Stanley 1l , by studying the "face ring" of the simplicial complex K, dual to the boundary complex of P". The fundamental result here is Reisner's Theorem [Reisner] . This states that the face ring is Cohen-Macaulay if and only if K satisfies certain homological conditions (see Theorem 5.1). Such a K is called a "Cohen-Macaulay complex".
(C) In [Stanleyl] , the necessity of McMullen's condition is established by studying a certain quasi-smooth projective variety associated to P, called a "toric variety". McMullen's conditions then follow from the existence of a K/ihler class.
Aspects of (A), (B) and (C) have the following topological interpretations. (A') A generic vector for P can be used to define a cell structure on any small cover M with one cell of dimension for each vertex of Pn of index i. Thus the number of/-cells is h. This cell structure is perfect in the sense of Morse theory: the h are the mod 2 Betti numbers ofM. (In fact a generic vector can be used to produce a perfect Morse function on M" with one critical point of index for each vertex of in-valence i.) Similar statements hold for toric manifolds over P, except that in this case all cells are even-dimensional and the h are the even Betti numbers of M2n.
These facts are proved in Section 3. (A version of this Morse-theoretic argument appears already in [Khovanskii] .) (B') A standard construction in transformation groups is the Borel construction, (or the homotopy quotient). We denote by BP" the result of applying this construction to a small cover M of P; that is, BP" EZ x z M where EZ. is a contractible CW-complex on which Z acts freely. A definition of BP" can be given which is independent of the existence of a small cover; in fact, BP" depends only on Pn. The fundamental group of BP" is a Coxeter group (cf. Lemma 4.4). We prove in Theorem 4.8 that the cohomology ring of BP" (with coefficients in 7/2) can be identified with the Stanley-Reisner face ring of K. The 2n is a regular sequence of degree-one elements for the face ring. The converse is also true. Thus, the set of characteristic functions for small covers is naturally identified with the set of regular sequences of degree-one elements for the face ring. The 7/2 cohomology ring of M is the quotient of the face ring by the ideal generated by the 2i (cf. Theorem 4.14).
Therefore, although it follows from (A') that the additive structure of H*(M; 7/z) depends only on P, the ring structure depends on the characteristic function. Again, similar statements hold for toric manifolds. In this case the cohomology of the Borel construction can be identified with the face ring over 7/. Explanations for the statements in this paragraph can be found in Sections 4 and 5.
(C') Nonsingular toric varieties are toric manifolds in the sense of this paper; however, the converse does not hold. For example, Cp2:CP 2 is a toric manifold, but it does not admit an almost complex structure. In fact, the characteristic function of a toric variety is encoded in the "fan" (see l -Oda] for definition) as follows. The codimension-one faces of the quotient M2"/T are in one-to-one correspondence with the vertices of the triangulation of the sphere given by the fan. The value of the characteristic function at a face F is the primitive integral vector on the ray passing through the vertex corresponding to F. This family of characteristic functions is rather restricted. (In Section 7, we describe the analogous statement in the symplectic category, based on a paper by Delzant.) Thus, a Kihler class is one important tool which is missing in the case of general toric manifolds.
With regard to (C'), it should be mentioned that most of the results of this paper are well known in the case of toric varieties. However, it follows from this paper that, to a large extent, these results on cohomology of toric varieties are topological, and algebraic geometry need not be brought into the picture (unless one wants information about algebraic objects like the Chow ring, etc.).
The notions of f-vector, h-vector and face ring make sense for arbitrary finite simplicial complexes. This suggests that one should generalize the concepts of small cover and toric manifold as well as the results described in (B'). Such a generalization is accomplished in Sections 2, 4, and 5. Suppose that K is an (n 1)-dimensional simplicial complex. One can define an n-dimensional polyhedral complex P which is "dual" to K. The concepts of a small cover or toric space over P make sense. As in (B'), one defines a space BP, the cohomology ring of which is the face ring of K.
If Y is a small cover of P, then there is a fibration Y BP BZ., and the projection map is determined by a sequence 2, 2 of elements in H(BP; 7/2). It follows from Reisner's Theorem that the spectral sequence of the fibration degenerates if and only if K is Cohen-Macaulay over 7/2 (cf. Theorem 5.9). One can deduce from this that if Y is a small cover of the dual of a Cohen-Macaulay complex, then the h-vector gives the mod 2 Betti numbers of Y. (A Morse theoretic proof of this fact, along the lines of (A'), would yield a new proof of Reisner's Theorem.) The identification of the face ring of an arbitrary finite simplicial complex with the cohomology ring of a space has a concrete application: it allows us, in Theorem 4.11, to give a simple formula for the cohomology ring of any right-angled Coxeter group.
In Section 6 we consider the tangent bundle of small covers and toric manifolds. We prove that that tangent bundle of a small cover M is stably isomorphic to a sum of real line bundles. It Proof. This is fairly obvious for d 1. For in this case, consider the restriction of n to the interior of P", r-X(int(P")) -int(P"). Since int(P") is simply connected, this is a trivial covering. Let int(C) be a component of zt-(int(P")) and let C denote its closure. Then it is easy to check that nlc: C--, P" is a homeomorphism. Let s (nlc) -.Themap f: Z. x P" M" can then be defined by f(g, p) gs(p), where g Zz and p P". (.) can be realized as the characteristic function of some such G,7-manifold over P". We define an equivalence relation on G x P: (g, p) (h, q) if and only if p q and g-h e Gvtp). We denote the quotient space G, x P"/,-by Man(2) and the quotient map by f: G x P" Ma"(2). The action of G by the left translations descends to a G-action on Ma"(2), and the projection onto the second factor of G x P" descends to a projection zr: Ma"(2) P". We claim that this is a G-manifold over P". To show this, we need to see that Ma" (2) and let x e n be a point in the interior of some chamber. Then pn can be identified with the convex hull of the orbit W(x).
Both types of examples yield G-manifolds M an pn which pullback from the linear model. An important special case is when pn is a "permutohedron". This is the specialization of (2), where the Coxeter group is the symmetric group on n + 1 letters. It can also be regarded as a specialization of (1), where Qn An, so that K, is the barycentric subdivision of the boundary of an n-simplex. As was pointed out by [Tomei] , the resulting G-manifolds arise in nature: when d 1, the Z-manifold M" over the permutohedron P" can be identified with an isospectral manifold of tridiagonal real symmetric (n + 1) x (n + 1) matrices; when d 2, the toric manifold M 2n is an isospectral manifold of tridiagonal hermitian matrices. (See also [Bloch, et. al.] , [Davis 3] and [Fried] .)
The following two remarks are useful when considering the examples that follow. //x(1,-1)
The first corresponds to the usual T2-action on CP 2 with its standard orientation; the second to the same action with the reverse orientation of CP2, which we denote by C/52. On the other hand, every simple polytope is the base space of some toric variety in the sense of algebraic geometers (see [Oda] Remark 3.6. Theorem 3.1 does not hold when P is a general simple polyhedral complex, for example, when K is the disjoint union of two triangulated circles. In Section 5 we will show that the theorem holds whenever K is a "Cohen-Macaulay" complex.
Proof of Theorem 3.1. A stronger result than Theorem 3.1 is true: the manifold M a has a cell structure which is perfect in the sense of Morse theory, with one cell for each vertex of P" and with exactly hi cells of dimension di. The first step in our description of this cell structure makes essential use of the fact that P has the combinatorial type of a convex polytope. Realize the P as a convex polytope in R" and then choose a vector w in R which is generic in the sense that it is tangent to no proper face of P. (This is also the first step in the proof of the Upper Bound Theorem for convex polytopes given in [Bronsted, 18] ). Choose an inner product in " and let b: " be the linear functional dual to w; i.e., b(x) (x, w).
One could produce the cell structure on M d" by modifying w to get a vector field on P", which is tangent to each face and which vanishes at the vertices. Pulling back such a vector field to M", one obtains a gradient-like vector field on Md", the ascending submanifolds of which give the desired cell structure. (Equivalently, one could modify b and then pull it back to obtain a perfect Morse function on M".)
However, it is unnecessary to make these modification in order to describe the cell structure: one can describe it directly in terms of w (or b).
We think of b as a height function on P". Using b, one makes the 1-skeleton of P" into a directed graph (as in [Bronsted] ): orient each edge so that b increases along it. (Since b is generic, its restriction to an edge is never constant.) Since P" is simple, each vertex is incident to precisely n edges. For each vertex v of P", let m(v) denote the number of incident edges which point towards v (so that n m(v) edges point away). Let F be any face of P" of dimension > 0. Since b is linear, blv assumes its maximum (or minimum) at a vertex. Since b is generic, this vertex is unique.
Hence, each face F of P" has a unique "top" vertex and a unique "bottom" vertex. The main point of this section is that the cohomology ring H*(BaP) can be identified with the face ring, a certain graded ring associated to the combinatorial type of pn (see [Stanley3] ).
We return now to the generality of Section 2. Let K be an (n-1)-dimensional simplicial complex and let P be the simple polyhedral complex dual to K. We shall suppose that K is a finite complex. (2) H(W; 7/) is 2-torsion for j > 1.
Proof. Let P be the dual of the Nerve(W, S) and let (W x P)/~be the space constructed in the proof of Lemma 4.4(i). By [Davis2, 14] , is contractible. Hence BP EW Xw is homotopy equivalent to BW(=K(W, 1)). Thus (1) follows from Theorem 4.8.
To prove (2), we note that the polyhedron P is acyclic and the fibers of BP P are of the form Bzk2, for some k. This implies (2).
The face ring R I(P) is a graded ring and it is generated by elements of degree one. Let H: N be the associated Hilbert function; i.e., H(k) is the dimension of the part of R I(P) in degree k. An easy calculation [Stanley 1, Prop. 3.2] shows that *-71
The Poincar6 series of R1 (P) We shall now use this corollary to determine the ring structure of H*(Ma"). We (Here R' is regarded as the free Rn-module on the set of codimension-one faces of P").
The map p*: Hn(BG) Hn(BnP) is then identified with the dual map 2*: R'* --.
R,]*. Regarding the map 2 as an n m matrix 2ij, the matrix for 2* is the transpose. In the case of toric varieties, the above result is known as the Danilov-Jurkiewicz Theorem.
5. Cohen-Macaulay rings and complexes. We begin this section by reviewing some commutative algebra. Our exposition is taken from [Stanley3] .
Suppose that R is an [-graded algebra over a field k. The Krull dimension of R is the maximal number of algebraically independent elements of R. Suppose that the Krull dimension of R is n. A sequence (2x, 2n) Suppose that R is generated by elements of degree 1. If k is infinite, then it is a consequence of Noether's Normalization Lemma that there exists a homogeneous system of parameters 2,..., ''n, where each 2 is of degree one. Such a sequence will be called a degree-one homogenous system of parameters. Similarly, if such 21, 2n is a regular sequence, then it is a degree-one regular sequence. We shall see in Example 5.3 below, that when k is finite, degree-one regular sequences may fail to exist.
As in Section 4, let K be an (n 1)-dimensional simplicial complex on vertices v 1,..., v, and let k(K) be its face ring. The Krull dimension of k(K) is n. In [Reisner-I the following fundamental result is proved. (ii) Hi(K; k) 0 for < n 1 and for each simplex tr K, Hi(Link(a, K); k) 0 for < dim Link(a, K). LEMMA 5.7. Suppose that K is an (n 1)-dimensional Cohen-Macaulay complex over 7/2, P is its dual, and that Y --} P is a small cover.
(i) The homolooy of Y is "generated by faces" in the followin9 sense: the natural map H(YF; 7/2)-} H(Y; 7/2) is onto, where the summation ranges over all i-dimensional faces of P.
(ii) The 9roup Zz acts trivially on H,(Y; 7/2). Proof. (i) complexes YF, F an/-face, and since these intersect along lower-dimensional complexes, the statement of (i) follows.
(ii) Since each/-face F is dual to a Cohen-Macaulay complex, it follows from Lemma 5.5, that Z2 acts trivially on H(Yr), hence so does Z (the extension of Z2
by the stabilizer of F). Thus, the statement of (ii) follows from (i). Recently, it has been shown in [Bloch, et. al.] how to remedy this problem. There is a different imbedding of M 2n into the flag manifold so that the restriction of symplectic form is nonsingular and such that the image of M 2n coincides with pn.
Hence, the isospectral manifolds fit into the context of 7.3.
